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Abstract
Given a cyclic group G of order pr, where p is a prime and r ∈ N. It
is well-known that the order of its greatest proper subgroup ψ(G) and
the number of its generating elements φ(G) satisfy ψ(G) + φ(G) = pr.
In this paper, we study a linear version of this group theory theorem for
primitive subspaces in a field extension using some linear algebra tools.
We also briefly discuss partitions of finite fields by using their primitive
subspaces.
Notation: The cardinality of a set S shall be denoted by #S. For a
vector space V over a field K, we denote its dimension by dimK V . The
number of positive divisors of a positive integer n is denoted by d(n).
For simplicity of notation, A ⊂ B means that A is a proper subset of B.
1 Introduction
There has been a vast literature as well as ongoing investigations on linear
analogues of existing results in group theory. As a case in point, a recent result
due to Bachoc et al [3], which gives the linear version of a theorem of Kneser
on the size of certain subsets of an abelian group. One can also see [1] in which
the linear analogue of a group theory result is studied. In this paper, we start
by considering the following scenario in group theory.
Let Z/prZ denote the cyclic group of order pr, where p is a prime and
r ∈ N. Denote by ψ(Z/prZ) the order of greatest proper subgroup of Z/prZ
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and denote by φ(Z/prZ) the number of generators of Z/prZ. Since p-groups
have subgroups of index p, then ψ(Z/prZ) = pr−1. Also, it is well-known that
φ(Z/prZ) = ϕ(pr), where ϕ stands for the Euler’s totient function. According
to the Euler’s product formula, ϕ(pr) = pr
(
1− 1
p
)
= pr − pr−1. Therefore,
ψ(Z/prZ) + φ(Z/prZ) = pr. (1)
Let K ⊂ F be a finite separable field extension with [F : K] = n. Let A be
a K-subspace of F . We say that A is a primitive K-subspace of F if K(a) = F ,
∀a ∈ A \ {0}. (Note that since K ⊂ L is a finite separable extension, then it is
simple, which justifies the existence of primitive subspaces.)
Example 1. Consider the field extension C/R and the R-subspace W = 〈i〉
of C, where 〈i〉 stands for the R-subspace of C generated by i. Then adjoining
any non-zero element of W to R covers the whole C. So W is a primitive
R-subspace of C.
Motivated by the aforementioned theorem on the number of generating
elements of Z/prZ, one naturally inquires about the size of a primitive subspace
A. In [2] it is proven that dimK A ≤ n− ψ(F,K), where
ψ(F,K) = max {[M : K] : M is a proper intermediate field of K ⊂ F} .
(Note that in the above definition, “proper intermediate field of K ⊂ F” means
K ⊆M ⊂ F . Hence we have 1 ≤ ψ(F,K) < [F : K].)
More generally, the following results in [2] provides the linear version of (1).
Proposition 1. Let F,K, n and ψ(F,K) be as above. Assume that K is infinite
and K ⊂ F is simple. Then
ψ(F,K) + φ(F,K) = n, (2)
where
φ(F,K) = max {dimK V : V is a primitive K − subspace of F} ,
namely, φ(F,K) denotes the dimension of the largest primitive subspace.
Example 2. Consider the finite field extension Q(
√
2,
√
3)/Q. Then according
to Proposition 1 the dimension of greatest primitive Q-subspace of Q(
√
2,
√
3)
is 2 as [Q(
√
2,
√
3) : Q] = 4 and so ψ(Q(
√
2,
√
3),Q) = 2.
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Remark 1. From now on, we call Proposition 1 as “the primitive subspace
theorem”. Note that the linear analogues of “the order of group”, “the order of
its largest proper subgroup” and “the number of generators of a cyclic group”
are “the degree of field extension, “the degree of its largest proper intermediate
subfield” and “the dimension of largest primitive vector space”, respectively.
In this paper, we will generalize the primitive subspace theorem. We will
also give a positive answer to the question inquired as Remark 5 in [2] whether
(2) holds in case the base field is finite, for some special cases.
In the proof of our main result, we utilize a linear algebra theorem, which
asserts that a vector space over an infinite field cannot be written as a finite
union of its proper subspaces.
2 Preliminaries
In what follows, we provide a proof for the well-known linear algebra result
that “finite union of lower-dimensional subfields of number fields (considered
as vector spaces over Q) do not cover the field”. Our proof, to the best of our
knowledge, has not been provided before in literature. One can see [4, Chapter
8] and [5, 1.10.3-6] for existing proofs.
Lemma 1. Let V be a vector space over an infinite field K. Then V is not a
union of a finite collection of proper subspaces.
Proof. Suppose V is the union of m proper subspaces Ui for 1 ≤ i ≤ m, where
m is as small as possible, and thus m ≥ 2. By the minimality of m, each
subspace Ui contains a vector ai, such that ai is not contained in Uj for any
subscript j 6= i. (Otherwise, we could delete the subspace Ui from the union.)
Fix the vectors ai for 1 ≤ i ≤ m.
For t ∈ K, write
f(t) =
m∑
i=1
ait
i.
Since K is infinite, we can choose m distinct elements tj ∈ K such that the
vectors bj = f(tj) all lie in the same subspace, say U1. We thus have
bj = f(tj) =
m∑
i=1
ai(tj)
i ∈ U1
for 1 ≤ j ≤ m.
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We thus have the matrix equation aM = b, where
a = (a1, a2, . . . , am) and b = (b1, b2, . . . , bm),
and M = [(tj)
i].
The Vandermonde matrix M is invertible because the tj are distinct, so we
have a = bM−1, and thus each component ai of a is a K-linear combination
of the vectors bj . Since bj ∈ U1 for all j, it follows that ai ∈ U1 for all i. But
a2 /∈ U1, so this is a contradiction.
Remark 2. It is worth pointing out that Lemma 1 does not hold if the base
field K is finite. To see this, just consider the vector space F22 over F2, which
is the union of its three proper subspaces.
A key ingredient of the proof of the analogue of the primitive subspace
theorem for finite fields is a theorem on covering a given vector space over a
finite field by its subspaces.
Let V be a finite-dimensional vector space over Fq, where Fq stands for finite
field of order q, which q = pr for some prime p and r ∈ N. We say a collection
{Wi}i∈I of proper K-subspaces of V is a linear covering of V if V =
⋃
i∈I
Wi.
The linear covering number LC(V ) of a vector space V of dimension at least
2 is the least cardinality #I of a linear covering {Wi}i∈I of V . Under the
condition dimK V ≥ 2, which is the sufficient and necessary condition for the
existence of linear coverings, we have the following result from [7].
Proposition 2. If dimK V and #K are not both infinite, then LC(V ) = #K+
1.
Taking advantage of Proposition 2 and implementing a similar technique
used in the proof of Theorem 7 in [2] (mentioned as Proposition 1 in this paper)
one can prove the analogue of Proposition 2 for finite base field in some special
cases depending on the degree of extension. The general case of the primitive
subspace theorem for finite fields is left incomplete.
In our proof, Proposition 2 serves as a substitute for Lemma 1 used for infinite
field case. We will also use a classical result in field theory which states that
for any intermediate subfield L of Fq ⊂ Fqn , we have #L = qd, where d | n.
Theorem 1. Consider the finite field extension Fq ⊂ Fqn , where n ∈ N, and
q = pr for some prime p and r ∈ N. Let d(n) < q + 2, where d(n) denotes the
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number of positive divisors of n. Then
ψ(Fqn ,Fq) + φ(Fqn ,Fq) = n. (3)
Here ψ and φ are defined in the same way as in Theorem 1.
Proof. Assume that {Mi}mi=1 is the family of all proper intermediate subfields
of Fq ⊂ Fqn . Clearly m + 1 = d(n). Define A as the set of all primitive
Fq-subspaces of Fqn . (Note that A 6= ∅ because F∗qn is a cyclic group and
adjoining any generator a of F∗qn to Fq will cover Fqn , so 〈a〉 ∈ A, where 〈a〉
stands for the Fq-subspace generated by a.) Without loss of generality assume
that ψ(Fqn ,Fq) = [M1 : Fq]. Choose W ∈ A for which dimFq W = φ(Fqn ,Fq).
According to Proposition 2 and the fact that d(n) < q+2, we have Fqn 6=
m⋃
i=1
Mi.
Choose x1 ∈ Fqn \
m⋃
i=1
Mi and define Mi,1 = Mi ⊕ 〈x1〉, for 1 ≤ i ≤ m. So
{Mi,1}mi=1 is a finite family of proper Fq-subspaces of Fqn . Likewise, Fqn 6=
m⋃
i=1
Mi,1. Choose x2 ∈ F \
m⋃
i=1
Mi,1 and defineMi,2 =Mi,1⊕〈x2〉, for 1 ≤ i ≤ m.
Similarly, we get Fqn 6=
m⋃
i=1
Mi,2. Continuing in this manner, we obtain a
family of Fq-subspaces Mi,j of Fqn , 1 ≤ i ≤ m and 1 ≤ j ≤ n − ψ(Fqn ,Fq).
Consider the Fq-subspace V of Fqn spanned by {x1, x2, . . . , xn−ψ(Fqn ,Fq)}. For
any v ∈ V \ {0}, we have v /∈
m⋃
i=1
Mi. It follows that Fq(v) = F . Therefore
V ∈ A. This implies φ(Fqn ,Fq) ≥ dimFq V = n − ψ(Fqn ,Fq). We claim that
φ(Fqn ,Fq) = n−ψ(Fqn ,Fq) because otherwise dimFq W > dimFq V which yields
[M1 : Fq] + dimFq W > n. This follows M1 ∩W 6= {0} which is a contradiction
(Note that if x ∈ (M1 ∩W ) is nonzero then x cannot be a primitive element of
Fq ⊂ Fqn .) Therefore dimFq V = dimFq W . Our proof is complete.
Example 3. Consider the finite field extension F138/F132 . Then according to
Theorem 1 the dimension of greatest primitive F132-subspace of F138 is 2 as
[F138 : F132 ] = 4 and ψ (F138 : F132) = 2.
Remark 3. The linear analogue of the group theory theorem presented as
Proposition 1 for infinite base field (or Theorem 1 for finite fields) seems a
better result than the original group theory theorem which only applies to cyclic
groups of “prime power” order, as it applies to all finite degree extensions F/K
that are “cyclic” (i.e., monogenic as a K-algebra). Formulating a reasonable
analogue for all finite cyclic groups shall be possible in some ways.
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3 Main Result
In this section we generalize the primitive subspace theorem in case the base
field K is infinite. We begin with the following Lemma:
Lemma 2. Let A, B and C be subspaces of a vector space V , and suppose
A ∩B = 0 and (A+B) ∩ C = 0. Then (A+ C) ∩B = 0.
Proof. If (A+C)∩B 6= 0, let b ∈ (A+C)∩B, where b 6= 0, and write b = a+c,
with a ∈ A and c ∈ C.
Then c = b − a lies in C ∩ (A + B) = 0, so c = 0, and thus a = b lies in
A ∩B = 0, and thus a = 0 = b. This contradicts the fact that b 6= 0.
Theorem 2. Let K be an infinite field and F be a nonempty finite collection
of proper subspaces of a K-vector space V , where dimK(V ) = n < ∞. Let
s = max{dimK(S) | S ∈ F}. Let T ⊆ V be a subspace maximal with the
property that T ∩ S = 0 for all S ∈ F . Then dimK(T ) = n− s.
Proof. Let t = dimK(T ). If S ∈ F , then T ∩ S = 0, so
n = dimK V ≥ dimK(T + S) = dimK(T ) + dimK(S) = t+ dimK(S),
and thus dimK(S) ≤ n− t for all S ∈ F . Thus s ≤ n− t, and so t ≤ n− s.
To complete the proof, we show that t = n − s. Otherwise, t < n − s, so
n > s+ t. Then
dimK(V ) = n > s+ t ≥ dimK(S) + dimK(T ) ≥ dimK(S + T ),
for all S ∈ F . Then S + T is a proper subspace of V for all S ∈ F .
By Lemma 1, there exists a vector v ∈ V such that v /∈ S + T , and thus
(S+T )∩Kv = 0 for all S ∈ F . Also, by the definition of T , we have S∩T = 0,
and thus by Lemma 2, we have (Kv+T )∩S = 0 for all S ∈ F . Now v /∈ S+T ,
so v /∈ T , and thus T ( Kv + T . This contradicts the definition of T .
Corollary 1. The primitive subspace theorem is a special case of Theorem 2.
Proof. Let K,F, n, ψ(F,K) and φ(F,K) be as Proposition 1. Let K be infinite,
K ⊂ F be simple, F be the collection of all proper intermediate subfields
of K ⊂ F and s = max{[S : K] : S ∈ F}. Assume that T ⊂ F be a
subspace maximal with the property that T ∩ S = 0, for all S ∈ F . Then
according to Theorem 2, dimK(T ) = n− s. On the other hand, we know that
dimK(T ) = φ(F,K) and s = ψ(F,K). This implies the primitive subspace
theorem for infinite fields, as claimed.
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Remark 4. The generalized primitive subspace theorem for infinite fields shall
be reformulated for finite fields in some ways. Further investigation along those
lines could prove to be worthwhile.
4 Partitioning Finite Fields
Consider the field extension Fq ⊂ Fqn , where n ∈ N and q = pr for some prime
p and r ∈ N. Let V be an Fq-subspace of Fqn . We call a set P = {Wi}ℓi=1 of
Fq-subspaces of Fqn a partition of V if every non-zero element of V is in Wi
for exactly one i. See [6] for more results on partitions of finite vector spaces.
In the following theorem, we provide a partition for Fqn using its primitive
Fq-subspaces.
Theorem 3. Let M1, W and ψ(Fqn ,Fq) be as in Theorem 1. Assume that
W has a subspace partition {W1, . . . ,Wl}, where dimFq Wi = ti ≤ ψ(Fqn ,Fq),
for 1 ≤ i ≤ l. Then, for each α ∈ M1 \ {0}, one can define a ti-dimensional
subspace Wiα of Fqn such that W , M1 and the subspaces Wiα form a partition
of Fqn .
Proof. For each subspace Wi, 1 ≤ i ≤ l, let Ti be a 1-1 linear transformation
frowWi into M1. For each α ∈M1 \ {0}, we associate with it the following set:
Wiα = {w + αTi(w) : w ∈ Wi}.
Since Wi ∩M1 = {0} and Wi ∩Wj = {0}, for i 6= j, one can easily verify that
Wiα ’s, M1 and W form a partition of Fqn into subspaces.
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